Avalanche initiation in snow slabs of high enough length-to thickness ratio by failure of the interface between the show slab and the underlying bedrock is considered. In this direction Quantized Fracture Mechanics (QFM), an extension of the theory of Linear Elastic Fracture Mechanics (LEFM), as well as gradient theory are employed. Mode-II fracture is assumed in both cases. The two models, although having a completely different origin, lead to similar expressions for the height of the fallen snow, which is critical for slab avalanche triggering.
INTRODUCTION
In this study snow avalanche triggering is studied by assuming a pre-existing shear crack at the interface between the snow slab and the bedrock, in analogy with the work of Palmer and Rice /!/ on shear bands in over-consolidated clay, and McClung 121 in snow slab avalanches. Analogous work has been conducted by as well as a gradient model, similar to the ones used successfully in metal plasticity (Aifantis /8/; Zbib and Aifantis /9/), in order to evaluate a critical value of the energy release rate G for avalanche initiation, thus Vol. 19. No. 1. 2009 
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obtaining critical value for the height of the fallen snow. In this work an enhancement of LEFM, the Quantized Fracture Mechanics (QFM) formulation which was first proposed by the third author and his coworkers /10/ is employed and its predictions are compared with the ones coming from the gradient model. A brief description of the employed theoretical models is provided and Section 2, while in Section 3 a comparison of the relevant theoretical predictions is made.
THEORETICAL CONSIDERATIONS
We consider a snow slab of height h, length L and width w adhering with shear stresses τ to an oblique substrate forming an angle θ with respect to the horizontal plane, as shown in Figure 1 , as well as a weak layer of thickness t « h at the interface between the snow slab and the bedrock. It is assumed that the snow has a density p in a gravity field of acceleration g, so that an axial force N(x) is present at the generic crosssection x. dx H. We next assume a linear elastic constitutive law for the adhesion stress τ, as (2) where G; is the interface shear modulus, γ the shear strain and u the (elastic plus rigid) displacement of the snow. The compatibility equation implies:
N+dN
Gi where Ε denotes the Young's modulus of the snow and u 0 is a constant, representing the rigid displacement. Accordingly, the equilibrium equation becomes: 
It should be noted that the model allows us to consider without any problems different boundary conditions, e.g. a weight acting on the upper part of the snow due to an interface crack. For a detailed discussion of this model see ΠΙ.
QFM Formulation
Quantized Fracture Mechanics (QFM) is a recent energy-based theory first proposed by the third author and his co-workers /10/. It involves a quantization of Griffith's criterion to account for discrete crack propagation, thus in the continuum hypothesis, differentials are substituted with finite differences, i.e. d-»Δ. According to the principle of energy conservation, Griffith's energy criterion implies that delamination will take place when the energy release rate G (the opposite of the variation of the total potential energy W with respect to the crack surface S) attains a value equal to a critical value G c , i.e. (6) . dS In the case of QFM the Eq. (6) takes the form r* AW r n\ 
Gradient Formulation
In order to analyze the propagation of a crack between the snow slab and the underlying bedrock the elasticity problem is solved /4/. The elastic energy functional associated with a general displacement vector field w(r) in an isotropic material has the form
where ν is the Poisson's ratio and α = (3λ + 2μ)/3μ = (2 + 2ν)/(1-2ν) . The associated equilibrium equation
and can be solved in the Fourier space by assuming that the height h of the slab is much smaller than the characteristic length of variations in the displacement field using w x (x, y, 0) = u(x, y), w y =w z =0. The energy functional then becomes (13) and is equated to the work that has to be expended against the shear stress tj nt (x,y) in order to create the displacement field u(x,y) from an initially displacement-free configuration is equated to the elastic energy,
i.e.
Taking the functional derivative with respect to u(x,y)on both sides of Eq. (14), the internal stress for 
We further assume that the interface shear strength vs. shear displacement curve shows a hardeningsoftening form as shown schematically in Figure 2 , with a shear strength increase towards a peak value τ Μ and then a drop towards an asymptotic value τ^.
τ. 
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Considering a slope where a critical (marginally stable) mode-11 crack exists along the interface between the snow and the bedrock, the displacement satisfies the equation
where T S (U,X) is the shear strength. Equations of this type have been studied by Aifantis and co-workers in the different context of shear and slip bands in metal plasticity (Aifantis /?/; Zbib and Aifantis /8/) containing a strain variable (shear strain or equivalent strain) in place of the displacement variable u. The mathematical structure is, however, the same as in the present problem.
Equation (17) can be envisaged as describing the un-damped motion of a particle of mass CH in a potential. It follows that the solution must satisfy the 'energy conservation' criterion
If the length of the crack is large in comparison with that of the end region over which the strength of the weak layer drops to the residual value τ«, , approximate analytical relations can be derived /4/. By integrating Eq. (18), the displacement profile for -α < χ < a is approximately given by (19) 2c and the maximum displacement (at the origin) is uj = a 2 (T EXT -T 00 )/2c 1 i .As in /4/, area II in Figure 2 can be approximated by U^TEXT-T«,) , and area I can because of the smallness of Ο^χτ-τ«,) be approximated by
Hence, the equal-area condition, Eq. (18), can be written in the approximate form
Using Eqs. (19) - (21), we finally obtain the approximate relationship for a marginally stable crack. Equation (22) may be interpreted as a Griffith-like energy balance criterion.
The term on the right-hand side can be interpreted as the interface toughness; it represents the work per unit crack length which has to be done in order to reduce the strength of the interface as the crack advances by a unit amount. The left-hand side corresponds to the elastic energy released per unit crack length as the crack advances by a unit amount, i.e., it is the effective force per unit length acting on the crack. Crack propagation occurs as soon as the elastic energy release exceeds the effective toughness. Setting (τ ΕΧΤ -τ<α) = τ, Eq.
(22 
Wishing to get the critical height H c of the fallen snow, we obtain: 
COMPARISON BETWEEN THE QFM AND GRADIENT MODELS PREDICTIONS
As can be seen from Eqs. (10) and (25), both the QFM and gradient models give quite similar predictions for the critical height of the fallen show for avalanche triggering. Differentiation of both expressions for the critical fallen snow height provides the value for the critical slope (i.e. the slope for which avalanche triggering is easier) of about 54°, and two vertical asymptotes for 9 = 0° and θ = 90°, both reasonable. 
